DIFFERENTIAL TOPOLOGY OF MANIFOLDS ADMITTING 
ROUND FOLD MAPS 

I" ' . NAOKI KITAZAWA 

o 

^ ^ ' Abstract. In this paper, under additional conditions, we study the homeo- 

iH morphism and difEeomorphism types of manifolds admitting round fold maps, 

t*H, or stable fold maps with concentric singular value sets introdued by the author 

<^ ; [10]. 
(N 

f-H , 1. Introduction 

^^ ' Fold maps are important in generalizing the theory of Morse functions. Studies 

^S^ \ of such maps were started by Whitney ([23]) and Thom ([22]) in the 1950's. A fold 

jrt ' map is a C'°° map whose singular points are of the form 
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^ I for two positive integers m > n and an integer 0<j<m — n+1. A Morse function 

OO ' is a fold map of course. For a fold map from a closed C°° manifold of dimension m 

into a C°° manifold of dimension n (without boundary) the foUowings hold where 
m > n > I. 

(1) The singular set, or the set of all the singular points, is a closed C°° sub- 
manifold of dimension (n — 1) of the source manifold. 

(2) The restriction map to the singular set is a C°° immersion of codimension 
1. 

We also note that if the restriction map to the singular set is a immersion with 
, ^ normal crossings, then it is stable (stable maps are important in the theory of 

rN ■ global singularity; see [6] for example). In [10], such a fold map is defined as a 

jrt ! stable fold map. 

Since around the 1990's, fold maps with additional conditions have been actively 
studied. For example, in [2], [5], [17], [18] and [20], special generic maps, which are 
fold maps whose singular points are of the form 

m 
{Xi,- ■■ ,X„i) H' {Xi,- ■■ ,Xn-l,y^^Xk^) 

k—n 

for two positive integers m > n, were studied. In [20], Sakuma studied simple 
fold maps, which are fold maps such that fibers of singular values do not have 
any connected component with more than one singular points (see also [16]). For 
example, special generic maps are simple. In [12], Kobayashi and Saeki investigated 
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topology of stable maps including fold maps which are stable into the plane. In [19], 
Saeki and Suzuoka found good properties of manifolds admitting stable maps whose 
regular fibers, or fibers of regular values, are disjoint unions of spheres. 
Later, in [10], round fold maps, which will be mainly studied in this paper, were 
introduced. A round fold map is a fold map satisfying the foUowings. 

(1) The singular set is a disjoint union of standard spheres. 

(2) The restriction map to the singular set is a C°° embedding. 

(3) The singular value set is a disjoint union of spheres embedded concentrically. 

Fold maps satisfying the definition of a round fold map have appeared in previous 
studies as the foUowings. 

• A lot of special generic maps on homotopy spheres. (See also [17]) 

• Fold maps represented as FIGURE 7 of [12] and Figure 8 of [19]. 

(Algebraic) topological properties of round fold maps were studied in Theorem 1, 
Theorem 2 (homology groups) and Theorem 3 (homotopy groups) of [10] under 
appropriate conditions. 

Now, how about the homeomorphism or diffeomorphism types of manifolds admit- 
ting round fold maps? In this paper, we study such problems under appropriate 
conditions. 

This paper is organized as the following. 

Section 2 is for preliminaries. We recall fold maps and introduce stable fold maps. 
We also recall special generic maps and simple fold maps. We also review the Reeb 
space of a smooth map, which is the space consisting of all the connected compo- 
nents of the fibers of the map. Last we introduce terminologies on simple fold maps 
and a result of [11]. 

In section 3, we review [10]. We recall round fold maps and some terminologies 
on round fold maps such as axes, which are rays originating from points in the 
connected components of the regular value sets located in the center of the tar- 
get Euclidean spaces and proper cores, which are closed discs embedded in the 
previous connected components of the regular value sets (FIGURE 1). We also 
recall a result on round fold maps whose regular fibers consist of disjoint unions 
of spheres. We review Theorem 3 of [10], which state that some homotopy groups 
of manifolds admitting such maps are determined by the topological properties of 
the Reeb spaces (Proposition 5). We also introduce Theorem 2 of [11], which is a 
result for round fold maps having regular fibers PL homeomorphic to products of 
two spheres (Proposition 6). 

In section 4, we introduce round fold maps on spheres and construct round fold 
maps on closed C°° manifolds having the structures of bundles over S" where 
n > 2 (Theorem 1). We also study the homeomorphism or diS'eomorphism types 
of manifolds admitting round fold maps into the plane with the inverse images of 
axes C°° diffeomorphic to cylinders (Theorem 3, Theorem 4 and Theorem 5). 
In section 5, we study the diffeomorphism types of manifolds of dimensions m ad- 
mitting round fold maps into R" under additional conditions where n > 2 and 
m > 2n hold. In subsection 5.1, under appropriate conditions, we construct a 
new round fold map from two round fold maps on closed and connected oriented 
manifolds on the connected sum of the two manifolds (Proposition 8, Theorem 6 
and Theorem 7). Conversely, in subsection 5.2, we decompose a round fold map 
on a closed and connected oriented manifold into two round fold maps so that the 
connected sum of the resulting source manifolds is the original source manifold 
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(Proposition 10 and Theorem 8). In these subsections, we apply generahzations of 
surgery operations on stable maps from closed and simply-connected C°° manifolds 
into the plane which do not change the diffeomorophism types of the source mani- 
folds in [12] (R- operations) and their inverse operations. Last, in subsection 5.3, by 
applying the obtained results and their proofs, we determine the diffeomorphism 
types of manifolds admitting round fold maps under differential topological restric- 
tions on fibers and the naturally defined bundle structures of the inverse images of 
small C°° closed tubular neighborhoods of connected components of singular value 
sets (Theorem 9, Theorem 10 and Theorem 11). 

Throughout this paper, we assume that M is a closed C°° manifold of dimension 
m, that A^ is a C°° manifold of dimension n without boundary, that f : M -^ N 
is a C°° map and that to > n > 1. We denote the singular set of /, or the set 
consisting of all the singular points of /, by S{f). 

2. PRELIMINARIES 

2.1. Fold maps. First, we recall fold maps, which are simplest generalizations of 
Morse functions. See also [6], [14] and [15] for example. 

Definition 1. For a C°° map f : M -^ N, p (£ M is said to be a fold point of / if 
at p / has the normal form 

m—i m 

k—n k—m—i-\-l 

and if all the singular points of / are fold, then we call / a fold map. 

If p e M is a fold point of /, then we can define j := min{i, m — n + 1 — i} 
uniquely in the previous definition. We call p a fold point of index j of /. We call 
a fold point of index a definite fold point of / and we call / a special generic map 
if all the singular points are definite fold. For special generic maps, see [2], [5], [17] 
and [20] for example. Let / be a fold map. Then the singular set S{f) and the 
set of all the fold points whose indices are i (we denote the set by Fi{f)) are C°° 
(n — l)-submanifolds of M. The restriction map flgtt) is a C°° immersion. 
A Morse function on a closed manifold is a fold map. A Morse function on a closed 
manifold which has just two singular points is a special generic map. Conversely, a 
Morse function which is a special generic map on a closed and connected manifold 
whose dimension is larger than 1 has just two singular points. 
In this paper, we sometimes need Morse functions on compact C°° manifolds pos- 
sibly with boundaries. We call a Morse function on such a manifold good if it is 
constant and minimal on the boundary, singular points of it are not on the bound- 
ary and at any two distinct singular points, the values are distinct. 
We introduce stable fold maps. 

Definition 2. A fold map / : M ^ iV is said to be a stable fold map if the 
restriction f\g(f) is a C°° immersion with normal crossings. 

Note that a stable fold map on a closed C°° manifold is also a stable map (for 
stable maps, see [6] for example). 

Note also that a Morse function on a closed C°° manifold is a stable fold map if 
and only if it is good. 
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We also introduce simple fibers of fold maps and simple fold maps (see also [16] 
and [20] for example). 

Definition 3. For a fold map / and p G ,f(S(f)) , f^^ip) is said to be simple if 
each connected component of f~^{p) includes at most one singular point of /. / is 
said to be a sim,ple fold map if for each p e fiS{f)), f~^{p) is simple. 

Example 1. (1) A Morse function on a closed manifold is simple if it is good. 

(2) A fold map / : M -^ R" is simple if /[^y.^ is a C°° embedding. 

(3) Special generic maps are simple. 

2.2. Reeb spaces. We review the Reeb space of a map. 

Definition 4. Let X, Y be topological spaces. For pi,p2 G X and for a map 
c : X ~^ Y , we define as pi^cP2 if and only if pi and p2 are in the same connected 
component of c^^{p) for some p ^Y. ^^ is an equivalence relation. 
We denote the quotient space X/^^ by Wc- We call Wc the Reeh space of c. 

We denote the induced quotient map from X into Wc by q^. We define c : Wc -^ 
Y so that c = CO Qc. Wc is often homeomorphic to a polyhedron. 
For example, for a good Morse function, the Reeb space is a graph. For a simple 
fold map, the Reeb space is homeomorphic to a polyhedron which is not so complex 
(see Proposition 2). 

For a special generic map, the Reeb space is homeomorphic to a C°° manifold. See 
section 2 of [17]. See also [2] and [5] for example. 

In [12], it is proven that for a stable fold map (or stable map) / : M — > K.^ (to > 2), 
Wf is homeomorphic to a polyhedron. It is known that for a stable map /, the 
Reeb space Wf is homeomorphic to a polyhedron. See [8] for example. 
The following holds since a stable fold map is stable. 

Proposition 1. For a stable fold map f, the Reeb space Wf is homeomorphic to 
a polyhedron. 

The following Proposition 2 is well-known and we omit the proof. See [12], [16] 
and [19] for example. In this paper, we often apply the statements of this proposi- 
tion implicitly. 

We also note that in this paper, an almost-sphere of dimension k means a C°° ho- 
motopy sphere given by glueing two standard closed discs of dimensions k together 
by a C°° diffeomorphism between the boundaries. 

We often use terminologies on (fiber) bundles in this paper (see also [21]). For a 
topological space X, an X -bundle is a bundle whose fiber \s X. A bundle whose 
structure group is G is said to be a trivial bundle if it is equivalent to the product 
bundle as a bundle whose structure group is G. Especially, a trivial bundle whose 
structure group is a subgroup of the homeomorphism group of the fiber is said to 
be a topologically trivial bundle. In this paper, a C°° (PL) bundle means a bundle 
whose fiber is a C°° (resp. PL) manifold and whose structure group is a subgroup 
of the C°° diffeomorphism group (resp. PL homeomorphism group) of the fiber. A 
linear bundle is a C°° bundle whose fiber is a standard disc or a standard sphere 
and whose structure group is a subgroup of an orthogonal group. 

Proposition 2. Let f : M ^ N be a special generic map or a simple fold map or 
a stable fold map. Then Wf has the structure of a polyhedron and the followings 
hold. 
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(1) Wf — qf{S{f)) is uniquely given the structure of a C°° manifold such that 
qf\M-s(f) • ^ ^ ^if) ^^ ^/ ~ Ifi^if)) *■* "^ ^°° submersion. Further- 
m,ore, for any compact C°° suhmanifold R of dimension n of any con- 
nected component of Wf — qf{S{f)), R is a subpolyhedron of Wf and 
qf\ -i(]i) '■ Qf^^{R) ^ R gives the structure of a C°° bundle whose fiber is 
a connected C°° manifold of dimension m — n. 

(2) The restriction of qf to the set -Fo(/) of all the definite fold points, is 
infective. 

(3) / is simple if and only if qf\gif\ '■ S{f) -^ Wf is infective. Special generic 
maps are simple. 

(4) // / is simple, then for any connected component C of S{f), qf{C) has a 
small regular neighborhood N{qf(C)) in Wf and qf^^{N{qf{C))) has the 
structure of a C°° bundle over qf{C). 

(5) For any connected component C of FqU), any small regular neighborhood 
of qf(C) has the structure of a trivial PL [Q,\\-bundle over qf(C) and 
qf{C) corresponds to the 0-section. We can take a small regular neighbor- 
hood N(qf(C)) of qf{C) and qf^^(N(qf{C))) has the structure of a linear 
D"^^"'^^ -bundle over qf{C). More precisely, the bundle structure is given 
as the following; for the connected component C" of dN{qf{C)) satisfying 
C'CllfiMf)) = 0; the composition o/9/l,^-i(iv(g^(c)) ■ 9/~^(^(a/(C))) "^ 
N{qf{C)) and the projection to qf{C) {the subbundle corresponding to the 
0-section) or C {the subbundle corresponding to the fiber {1} C [0, 1]) . 

(6) Let f be simple. Let m — n > 1. If ra — n = \, then we also assume that 
M is orientable. 

Then for any connected component C of the set Fi{f) of all the fold points 
of indice 1, such that for any connected component R of Wf — qf{S{f)) 
whose closure R includes qf{C), qf~^{p) is an almost-sphere for p ^ R, 
any small regular neighborhood of qf{C) has the structure of a K -bundle 
over qf{C) where K :— {r cxp{2Tri9) G C | < r < 1, = 0, i, |} , where 
the structure group consists of just two elements fixing the point 1 Cz K 
and where qf{C) corresponds to the 0-section. We can take a small regular 
neighborhood N{qf{C)) of qf{C) and qf~^{N{qf{C))) has the structure of 
a C°° bundle over qf{C) whose fiber is PL homeomorphic to 5*™-"+! with 
the interior of a union of disjoint three standard closed {m — n -\- l)-discs 
removed. More precisely, the bundle structure is given by the composition 
o/9/lq^-i(Ar(g^(C))) ■ <irHNiqf{C))) -^ N{qf{C)) and the projection to 
qf{C) {the subbundle corresponding to the 0-section) or the projection to 
the subbundle corresponding to the fiber {1} C K . 

Last we introduce terminologies on simple fold maps and a main result of [11]. 
Here we define a branched point of a polyhedron. For a polyhedron of dimension 
fc > 1, a branched point means a point such that every open neighborhood of the 
point is not homeomorphic to any open set of R*^ or R'^+ :— {(xi, ■ • ■ ,Xk) G M.'' \ 
Xk ^ 0}. If a polyhedron X of dimension k does not have branched points, then it 
is a manifold having a triangulation and we can define the interior IntX and the 
boundary dX. 

Definition 5 ([11])- Let / : M ^ A^ be a simple fold map and m — n > 2. 
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(1) Let C be a connected component of qf{S{f)) — <Z/(-fo(/)) consisting of 
non-branched points. Assume that there exists a small regular neighbor- 
hood N{C) of C in Wf having the structure of a trivial PL [—1, l]-bundle 
over qf{C) {qf{C) corresponds to the 0-section) and that the composition 
of qf\ -i(jv(cu : qf^^{N{C)) -^ N{C) and the projection to g/(C) gives 
qf~^{N{C)) the structure of a C°° bundle over C whose fiber is PL home- 
omorphic to D'^'^^ x 5""-"-*: _ Int_D'"~"+^ for an integer 1 < k < m — n. 
Then C is said to be a fc S-locus. 

(2) Let i? be a connected component of Wf — q/(5(/)). 

If for any compact subset P in R, qf\ -i(p) • Qf^^iP) ^^ P gives the 
structure of a bundle over P whose fiber is PL homeomorphic to S'^ x 
gm-n-k jTyj. g^j^ integer 1 < A: < [ ™~" ], then R is said to be a fc S-region or 
anm — n — k S-region (note k — m~n — kiim — n is even and k — "'~" ). 
If for p ^ R, qf^^{p) is an almost-sphere, then R is said to be an AS-region. 

For example, on 5''^^ x S''^ (fci, fc2 G N, ki,k2 > 2), there exists a good Morse 
function / : 5'*^^ x S''^ — ^ M with four singular points such that Wf contains two 
ki - 1 (fcs - 1) S'-loci. 

Let / : M — ^ iV be a simple fold map and p E S(f). Let g/(p) be in a /c S-locus. If 
k + l< [Hi^f+i], then p e Fk+i{f) and if fc + 1 > [2i^f±i], then p e Fm-n-k{f)- 

Definition 6 ([11]). If a simple fold map f : AI ^ N (m — n > 2) satisfies the 
foUowings, then / is said to be a normal simple fold map with regular fibers of two 
spheres. 

(1) Any connected component of qf{S{f)) in Wf — g/(Fo(/)) consisting of non- 
branched points is an S-locus . 

(2) For any connected component R of Wf—qf{S{f)) such that the intersection 
of the closure R and the set of all the branched points of Wf is non-empty, 
the fiber of each point in R is an almost-sphere. 

For example, on S''^ x S'^^ (fci,fc2 € N), there exists a good Morse function 
/ : 5*^1 X 5*^^ — > R with four singular points which is also a normal simple fold map 
with regular fibers of two spheres. 

Definition 7 ([11]). Let / be a normal simple fold map with regular fibers of two 
spheres. 

(1) If for any k S-locus C, the connected component R of Wf — qf{S{f)) which 
is not an AS-region such that C is in the boundary of the closure R, is a 
fc S-region and the boundary of the closure is a disjoint union of fc S-loci, 
then we say that / decomposes into S-systems. 

(2) Assume that / decomposes into S-systems. 

We say that / has a family of S- identifications if there exists a family of 
small regular neighborhoods {N{C\)}\(zf^ of all the S-loci {CaJagA such 
that the followings hold. 
(a) (The bundle structure of qf-^{N{Cx)) over Cx) 

Let Ca be a fc S-locus. qf^^{N{C\)) has the structure of a C°° bun- 
dle over Cx with the fiber PL homeomorphic to D^^^ x 5™-"-*; — 
IntD'"~"+^ C D^+^ X 5™-"-'= for an integer 1 < fc < m - n such that 
for the connected component C of dN{Cx) in a fc S-region, g/^^(C) 
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has the structure of a subbundle of the bundle qf^^{N{C\)) over C\ 
with the fiber PL homeomorphic to dD^^^ x 5™-"-'^ and that the 
structure group of qf^^{C) is a subgroup of the C°° diffeomorphism 
group of the fiber, consisting of some C°° difFeomorphisms regarded as 
bundle isomorphisms on the trivial PL bundle dD^^^ x 5'™-"-^ over 
g£)k+i infiucing PL homeomorphisms on the base space dD^^^ = S'^ 
(1 < k < m — n). 

(b) (The bundle structure of qf^^{R) over R for a connected component 
R of Wf - IntUAeAW(CA) in an S-region) 

For any connected component R of VF/ — IntUAeAAf(CA) in a fc S-region 
such that the closure of the k S-region is bounded by a disjoint union 
of k S-loci, qf^^{R) has the structure of a C°° bundle over R with the 
fiber PL homeomorphic to S'^ x 5''"-"-'= such that the structure group 
is a subgroup of the C°° diffeomorphism group of the fiber, consisting 
of some C°° diffeomorphisms regarded as bundle isomorphisms on the 
trivial PL bundle S'^ x 5'™-"-^ over S'' inducing PL homeomorphisms 
on the base space S''. 

(c) (Identifications of pieces of the source manifold on their boundaries) 
For any connected component R of VF/ — IntUAeA-^(C'A) in a fc S-region 
such that the closure of the fc S-region is bounded by a disjoint union of 
k S-loci, the identification map of the restriction of a bundle qf^^{R) 
over R satisfying (b) of this definition to any connected component C of 
the boundary 9i? and the subbundle qf^^{C) of a bundle qf^^{N{C\)) 
(C C dN{C\)) over C satisfying (a) of this definition is a bundle map; 
the structure groups are a subgroup of the C°° diffeomorphism group 
of the fiber, consisting of some C°° diffeomorphisms regarded as bundle 
isomorphisms on the trivial PL bundle dD^^^ x 5''"-"-'= over dD^^^ 
inducing PL homeomorphisms on the base space dD^^^ = S^ . (Here 
the base space of the fiber of the bundle satisfying (a) means dD^^^ 
and the base space of the fiber of the bundle satisfying (b) means S^ . 
We should be careful in the case where k = m — n — k.) 

For example, on S'^'^ x S^'^ (fci,fc2 £ N), there exists a good Morse function 
/ : S^^ X S^'^ -^ M with four singular points which has a family of 5-identifications. 
Now we introduce a main result of [11]. 

Proposition 3 ([11]). Let M he a closed C°° manifold of dimension m, N he a 
C°° manifold of dimension n without houndary and f : M ^ N he a simple fold 
map. Let m — n > 2. 
We assume that f has a family of S-identifications. 

Then there exist a compact PL manifold W of dimension m + 1 such that dW = 
M , a polyhedron V and continuous maps r : W -^ V and s : V ^)- Wf and the 
followings hold. 

(1) There exist a triangulation of W , a triangulation of V and a triangulation 
of Wf such that r is a simplicial map and that s is a simplicial map and 
the followings hold. 

(a) For each p £ V, r^^{p) collapses to a point and r is a homotopy 
equivalence. 
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(b) If p is in the closure of an AS-region in Wf, then s^^{p) is a point. 
If p is in an AS-region in Wf and q G s^^{p), then r^^(q) is PL 
homeomorphic to /)™-"+i 

(c) If p is in a k S-region in Wf whose closure is bounded by a disjoint 
union of k S-loci, then s^^{p) is PL homeomorphic to S^ . If p is in 
a k S-region in Wf whose closure is bounded by a disjoint union of k 
S-loci and q G s~^{p), then r~^{q) is PL homeomorphic to £)"i-"-fc+i_ 

(2) W collapses to a subpolyhedron V' such that r\y, : V' ^>- V is a PL home- 
omorphism. 

If M is orientable, then we can construct W as an orientable manifold. 

Corollary 1 ([11]). In the situation of Proposition 3, let M be connected and 
i : M ^W be the natural inclusion. Then 

r* oi^ : iTk{M) -^ T:k{V) 
gives an isomorphism for < k < m — dim V — 1. 

3. Notes on round fold maps 

In this section, we review round fold maps. See also [10]. 
We introduce two definitions of a round fold map and show equivalence of them. 
First we recall C°° equivalence. For two C°° maps /i : Xi — > Yi and /2 : X2 -^ Y2, 
we say that they are C°° equivalent if there exist C°° diffeomorphisms c/jx ■ Xi — > 
X2 and (pY ■ Yi ^ Y2 such that the following diagram commutes. 

X, -^^^2 

Fi -^^ Y2 
For C°° equivalence, see also [6] for example. 

3.1. Terms on round fold maps. 

Definition 8 (round fold map), f : M ^ K" (to > n > 2) is said to be a round fold 
map if / is C°° equivalent to a fold map /o : Mq — > R" on a closed C°° manifold 
Mq such that the foUowings hold. 

(1) The singular set S{fo) is a disjoint union of standard spheres of dimensions 
n — 1 and consists of I € N connected components. 

(2) The restriction map ,fo\g(f \ is a C°° embedding. 

(3) Let D^r :- {(^i,--- ,Xn) G K" | ELi^^fe' < r}. Then /o(^(/o)) = 



^LidD^ 



k- 



We call /o a normal form of /. We call a ray L from G M" an axis of /o and 
D" 1 the proper core of /q. Suppose that for a round fold map /, its normal form 
/o and C°° diffeomorphisms $ : M ^ Mq and : M" ^ R", (/) o / = /q o $. Then 
for an axis L of /o, we also call (j)~^{L) an axis of / and for the proper core D" 1 
of /o, we also call (j)^^(D" 1) a proper core of /. 

We introduce another definition. 
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Figure 1 . An axis and a proper core of a round fold map 

Definition 9 (round fold map). Assume that / : M — > M" is a fold map and that 
m > n > 2. /is said to be a round fold map if the followings hold. 

(1) The singular set S{f) is a disjoint union of standard spheres of dimensions 
n — 1. 

(2) The restriction map f\g(() is a C°° embedding. 

(3) We denote by {Uq} U {Uoo} LI {C^aJaga (^ ™^y be empty.) the set of all the 
connected components of R" — f{S{f)). The followings hold. 

(a) The closure Uo is C°° diffeomorphic to £>". 

(b) The closure U^ is C°° diffeomorphic to 5""^ x [0, +oo). 

(c) The closure U\ is C°° diffeomorphic to S*""^ x [0, 1]. 

In [10], the following was shown. 
Proposition 4. Two definitions of a round fold map are equivalent. 

Let / be a normal form of a round fold map and P'-^^ := D"i. We set 
E := /^H-P'^^) and E' := M - /-^(IntP^i)). We put F := f-^{p) for p e dP'^^\ 
We put P(2) .= j^n _ jntp(i), /i ■- f\^:E^ P(i) and /a := /j^, : S' -^ P'-^\ 
/i gives the structure of a trivial C°° bundle over P'-^\ fi\dE ■ ^^ ^ dP'^^^ gives 
the structure of a trivial C°° bundle over dP'^^^ and /2|a£;' • ^-^' ~^ QP^^-* gives 
the structure of a trivial C°° bundle over dP^^\ Note that f{M) may not be C°° 
diffeomorphic to £)" and that f(M) f] P^^) = may hold. 
We can give E' and qf{E') the structures of bundles over dP^^^ as follows. 
Since for TTp{x) := ^-^ {x £ P^^-*), t^p o /|^, is a proper C°° submersion, this 

map gives E' the structure of a C°° /^^(L)-bundle over dP'-^^ (apply Ehresmann's 

fibration theorem [4]). 

qf{E') has the structure of a bundle over dP^^\ We consider the following map. 

Let p e qf{E'). For pi,p2 G qf^^{p), np o f{pi) = np o f{p2)- We correspond 

TTp o f(pi) — Tip o f{p2) — TTp o /(p) to p. This map from qf{E') into dP^^' gives 

the structure of a /~^(L)-bundle since up o f\^t gives the structure of a C°° bundle 

and qf{E') is the quotient space of E' by ~/. 

For a round fold map / which is not a normal form, we can define similar maps 

and consider similar structures of bundles. 

We can define the following condition for a round fold map. 
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Definition 10. Let / : M ^ M" be a round fold map. Let C := PL,C°°. If the 
natural projection 7rp o /|^, from the total space of the bundle E' onto the base 
space dP^'^^ (9P^^^ is C°° diffeomorphic to S"~^) gives the structure of a topolog- 
ically (C) trivial bundle, then / is said to be topologically [resp. C) trivial. If the 
natural projection irp o f\ ,^,^ from the total space of the bundle qf{E') onto the 

base space dP^^^ gives the structure of a topologically trivial bundle, then / is said 
to be topologically quasi-trivial. 

3.2. Some facts on round fold maps. In [10], the following was shown. 

Lemma 1 ([10]). Let M be a closed C°° manifold of dimension m, N be a C°° 
manifold without boundary of dimension n and m > n > 1. 
If m — n ~ 1, then we also assume that M is orientable. 

Let f : M ^f N be a simple fold map. We assume that for each regular value 
p, f^^{p) is a disjoint union of almost-spheres and that the indices of all the fold 
points of f are or 1 . 

Then there exist a compact PL {m + 1) -manifold W such that dW ~ M and a 
continuous map r : W ^- Wf such that r|g^ coincides with qf : M ^- Wf. Fur- 
thermore, the followings hold. 

(1) For each p € Wf — qf{S{f)), r^^{p) is PL homeomorphic to /)™-"+i, 

(2) There exist a triangulation of W and a triangulation of Wf such that r is 
a simplicial map. 

(3) For each p G Wf, r^^{p) collapses to a point and r is a homotopy equiva- 
lence. 

(4) W collapses to a subpolyhedron Wf such that r\yy , : Wf — > Wf is a PL 
homeomorphism. 

By applying the lemma, the following corollary was shown. 

Corollary 2. In the situation of Lemma 1, let M be connected and i : M ^f W be 
the natural inclusion. Then 

If* =r*oi^ : TTkiM) -> TTk{Wf) 

gives an isomorphism for 0<k<m — n — 1. 

By applying the corollary, the following proposition was shown (Theorem 3 of 

[10])'. 

Proposition 5 ([9], [10]). Let M be a closed and connected C°° manifold of di- 
mension m, f : M -^ M" be a round fold map and m > n > 2. If m — n = 1, then 
we also assume that M is orientable. 

We assume that f^^(p) is a disjoint union of almost-spheres for each regular value 
p and that the indices of all the fold points of f are or 1 . 

Let L be an axis of f and f^ := /lf-i(i,V ^^ denote by li the number of loops of 
the Reeb space Wf^ of fL {in other words, let Hi{Wf^) = Z'^). We denote by I2 
the number of connected components of the fiber of a point in a proper core of f . 
Then there exist W and a homotopy equivalence r :W ^f Wf as in Lemma L Fur- 
thermore, qf ~ r o i gives an isomorphism of homotopy groups 7rfc(M) = 7rfc(W/) 
for < k < m — n — 1 and we have the following list where we denote the free group 
of rank r by F^. 
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(1) When n > 3, m > 2n, f is topologically quasi-trivial and we have the 
fallowings. 

(2) When n>3,n<m<2n — l and ni — n>2,fis topologically quasi-trivial 
and we have the following. 

I {0} 2<k<m — n — 1 

(3) When to > 4 and n = 2, we have the followings. 

(a) /// is topologically quasi-trivial and I2 = 0, then we have the following. 

ll: X- Fi, k ~ 1 
MM)^MWf)^^^^^ 2<fc<TO-3 

(b) /// is topologically quasi-trivial and I2 7^ 0, then we have the following. 

TTiiM) ^ miWf) ^ Fi, 

We introduce a result of [11], which follows by Proposition 3. 

Proposition 6 ([11]). Let M be a closed and connected C^ manifold of dimension 

TO, and f : M ^ R" (n > 2) be a round fold map. Let m — n > 2. Suppose 

that qf{S{f)) consists of two connected components and that one of the connected 

components is a k S-locus. 

We also assume that f has a family of S-identifications. 

Then there exist a compact PL manifold W of dimension m-\-l such that dW = M , 

a polyhedron V and continuous maps r : W ^ V and s : y — > Wf and the followings 

hold. 

(1) V is a polyhedron of dimension n -{- k. 

(2) There exist a triangulation of W , a triangulation of V and a triangulation 
of Wf such that r is a simplicial map and that s is a simplicial map and 
the followings hold. 

(a) For each p E V, r^^{p) collapses to a point and r is a homotopy 
equivalence. 

(b) If p is in the closure of the AS-region in Wf, then s^^{p) is a point. 
If p is in the AS-region in Wf and q G s^^{p), then r^^{q) is PL 
homeomorphic to £)™-"+i, 

(c) If p is in the k S-region in Wf, then s^^{p) is PL homeomorphic to 
S'' . If p is in the k S-region in Wf and q E s^^{p), then r^^{q) is PL 
homeomorphic to £)™-"-fc+i. 

(3) W collapses to a subpolyhedron V' such that r\y, :V'^fV is a PL home- 
omorphism. 

(4) r* oi^ : ttj^M) -^ T^j(V) gives an isomorphism for < j < m — diraV — 1 = 
m — n — k — 1 where i : M ^-W is the inclusion. 
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(5) V is PL homeomorphic to S'^^^[J,AS'^^^ x [0, 1]) for a PL homeomorphism 
ip : B ^ A {a polyhedron obtained by glueing S'"^'^ and 5"^"'^ x [0, 1] by ip) 
where A is PL homeomorphic to S*"^^ and trivially embedded in 5"+*^ in 
the PL category and where B := 5""^ x {0} C S"-'^ x [0, 1]. 

4. Round fold maps on spheres and bundles over spheres 

Proposition 5 and Proposition 6 state that we can know some homotopy groups of 
manifolds admitting round fold maps with regular fibers homeomorphic to spheres. 
Now how about the homeomorphism or diffeomorphism types of the manifolds? In 
this section, we introduce some answers for this question. 



Example 2. Let M be a closed C°° manifold of dimension m. A round fold map 
f : M -^ M" (n > 2, n 7^ 4) whose singular set is connected exists if and only if M 
is a homotopy sphere admitting a special generic map into M" whose Reeb space is 
homeomorphic to I?". 

Note also that this round fold map is topologically, PL and C°° trivial. 
In [9] , the following proposition has been shown. 

Proposition 7 ([10]). Let M be a closed and connected C°° manifold of dimension 
TO. Suppose that there exists a round fold map f : M -^ M" (n > 3) such that the 
fallowings hold. 

(1) The indices of all the fold points are or 1. 

(2) Regular fibers are disjoint unions of almost- spheres. 

(3) 7ri(I^/)-{0}. 

(4) The fiber of a point in a proper core is non-empty and connected. 

We also assume that m — n > 2. Then M is a homotopy sphere. 

First we prove the following. 

Theorem 1. Let M be a closed C°° manifold of dimension to,. Let n G N and 
m > n > 2. 

(1) Let M have the .structure of a C°^ bundle over 5" whose fiber is a closed 
C°° manifold F(^ 0). Then there exists a C°° trivial round fold map 
f : M ^ R" .such that the fiber of a point in a proper core of f is C°° 
diffeomorphic to a disjoint union of two copies of F and that f^^{L) is 
C°° diffeomorphic to F x [0, 1] for an axis L of f. 

(2) Suppose that a topologically (C) trivial round fold map f : M ^f R" exists 
and that for an axis L of f and a closed C°^ manifold F of dimension m — n, 
f^^{L) is C°° diffeomorphic to F x [0, 1]. Then Ad has the structure of a 
(resp. C) F-bundle over S". 

Proof. We prove the first part. 

We may assume that S" = (D" U D") [j{S"-^ x [0, 1]) where we identify a(L'" U 
L»") = S'"~i U S*"-! and a(S'"-i x [0, 1]) = 5"-^ U 5"-^. We may assume that 
for a C°° diffeomorphism $ from S"-'^ x {F U F) onto dD" x {F U F) which 
is a bundle isomorphism between the trivial C°° F-bundles over d{D" U D") = 
5"^^ U S*"^^ inducing the identification between the base spaces, M = ((I?" U 
D") X F)[j^{S"'^ X [0, 1] X F) == (L>" X {FUF))\J^{S"-'^ x [0, 1] x F) where FUF 
is a disjoint union of two copies of F. 
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There exists a good Morse function / : i^ x [0, 1] — ;> [a, +00) where a G R is 
the minimal value. We consider a map / x ids^-i and the canonical projection 
p : D" X {F U F) -^ D". For $, / x idgn-i, p and a C°° diffeomorphism (p : 
IntI?") — > dD", we may assume that the following diagram commutes. 

F X ({0} U {1}) X a(M" - IntZ?") — ^ F x ({0} U {1}) x dD"^ 

^a(K'»-IntD'») PlFx({0}u{l})xaD" 

{a} X 9(]R" - IntD") — ^ ^L*" 

Then on M we can construct a C°° map / := p[J^ Af x idg(Rn_inti5")). The 
singular set is a disjoint union of standard spheres and consists of fold points and 
f\s{f) is a C°° embedding. We see / is a round fold map satisfying the given 
conditions. 

We now prove the second part. 

Suppose that there exists a topologically (C) trivial round fold map / : Af — > R" and 
that for an axis L oi f and a C°° closed manifold F, f^^{L) is C°° diffeomorphic to 
F X [0, 1]. Then for a C°° diffeomorphism $ from 5"""^ x (FUF) onto dD" x (FUF) 
which is a bundle isomorphism between the trivial C°° FU.F-bundles inducing a C°° 
diffeomorphism between the base spaces, M is regarded as (_D" x (FUi^))lJ^(5"^^ x 
[0, 1] x F) in the topology category (resp. category C). M has the structure of a 
(resp. C) i^-bundle over S". 
This completes the proof of both parts of the theorem. D 

Example 3 ( [9] ) . Let M be a closed C°° manifold of dimension m and let M have 
the structure of a C°° bundle over S*" whose fiber is an almost-sphere S of dimension 
m — n {m > n > 2). Then there exists a C°° trivial round fold map f : M ^ R" 
such that the fiber of a point in a proper core of / is C°° diffeomorphic to a disjoint 
union of two copies of S and that S{f) consists of 2 connected components and is 
the disjoint union of Fo(/) (the set of all the fold points of indices 0) and Fi{f) 
(the set of all the fold points of indices 1). 

Remark 1. In the situation of Theorem 1, we may weaken the condition that / is 
topologically (C) trivial and replace it by the foUowings. 

(1) For a proper core P and an axis L of /, /~^(M" — IntP) has the structure 
of a topologically trivial (resp. trivial C) bundle over dP whose fiber is C°° 
diffeomorphic to f~^{L). 

(2) /I f-i,Qp^ : f~^{dP) -^ dP gives the structure of a subbundle of the previ- 
ous bundle f-^W" - IntP). 

We have the following theorem by virtue of the fact that there exist C°° ho- 
motopy spheres homcomorphic but not C°° diffeomorphic to S*^ and having the 
structures of linear S''^-bundles over S"* ([13]) and the previous example. 

Theorem 2 ([9]). There exist C°° homotopy spheres that are homeomorphic but 
not C°° diffeomorphic to S'^ and they admit C°° trivial round fold maps whose 
singular sets consist of 2 connected components. S"^ also admits such a map. 

Remark 2. If there exists a special generic map from a C°° homotopy sphere 
homcomorphic to S'' into R^, then the source manifold is C°° diffeomorphic to 
S"^ (sec [17] and see also [7] for Diff^(5''^)). This means that we cannot reduce 
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the numbers of connected components of the singular sets of round fold maps in 
Theorem 2 for spheres not C°° difFeomorphic to S"^. 

We consider some cases where n = 2. We have the following theorems. 

Theorem 3. Let M be a closed C°° manifold of dimension m > 7. Let F be a 
closed and simply- connected C°^ manifold of dimension m — 2. Then the followings 
are equivalent. 

(1) M has the structure of a C°° F -bundle over S^ . 

(2) M admits a round fold map / : M — > K^ satisfying the followings. 

(a) The regular fiber of a point in a proper core of f is C°° diffeomorphic 
to a disjoint union of two copies of F. 

(b) For an axis L of f , f^^{L) is C°° diffeomorphic to F x [0, 1]. 

Proof. If M admits a round fold map / : M ^' R^, the regular fiber of a point in a 
proper core of / is C°° diffeomorphic to a disjoint union of two copies of F and for 
an axis L of /, f^^{L) is C°° diffeomorphic to F x [0, 1], then since for a proper 
core P of /, /L-i(p) : f^^{P) -^ P gives the structure of a trivial C°° bundle, / 
is C°° trivial by virtue of the pseudoisotopy theorem [3] . 
By Theorem 1, this completes the proof. D 

Theorem 4. Let M be a closed C°° manifold of dimension m — 'i or m — A. Then 
the followings are equivalent. 

(1) M has the structure of a C°° S"^^^ -bundle over S"^ . 

(2) M admits a round fold map / : M — ;■ K^ satisfying the followings. 

(a) The regular fiber of a point in a proper core of f is C°° diffeomorphic 
to a disjoint union of two copies of S"^^"^ . 

(b) For an axis L of f , f~^{L) is C°° diffeomorphic to S""^^ x [0, 1]. 

Proof. If M admits a round fold map f : M ^^ R'^ , the regular fiber of a point in 
a proper core of / is C°° diffeomorphic to a disjoint union of two copies of S™^"^ 
and for an axis L of /, f~^{L) is C°° diffeomorphic to 5"™"^ x [0, 1], then since for 
a proper core P of /, /L._i/pj : f^^{P) — > P gives the structure of a trivial C°° 
bundle, it follows that / is C°° trivial by well-known facts on C°° (S'""^ ^ [Q, 1])- 
bundles over S^ . 
By Theorem 1, this completes the proof. D 

Theorem 5. Let M be a closed C°° manifold of dimension m G {5, 6} and assume 
that M admits a round fold map f : M ^f M? satisfying the followings. 

(1) The regular fiber of a point in a proper core of f is C°° diffeomorphic to a 
disjoint union of two copies ofS"^~^. 

(2) For an axis L of f, f-^{L) is C°° diffeomorphic to S""-^ x [0, 1]. 
Then M is PL homeomorphic to a PL S"^^'^ -bundle over S'^ . 

Proof. It follows that / is PL trivial. By 2 of Theorem 1, it follows that M is PL 
homeomorphic to a PL 5'™^^-bundle over S'^. D 

5. Manifolds admitting round fold maps with additional conditions 

As in the previous section, we can sometimes know the homeomorphism or dif- 
feomorphism types of manifolds admitting round fold maps. In general, it seems 
to be difficult to know the homeomorphism and diffeomorphism types of manifolds 



DIFFERENTIAL TOPOLOGY OF MANIFOLDS ADMITTING ROUND FOLD MAPS 15 

strictly. Here, we consider such problems and give some answers. In this section, 
we only consider round fold maps from manifolds of dimensions m into M" where 
n > 2 and m > 2n. 

5.1. Round fold maps on connected sums of two connected oriented man- 
ifolds manifolds admitting round fold maps. In this subsection, we construct 
round fold maps on the connected sum of two oriented manifolds admitting round 
fold maps under additional conditions. 

Proposition 8. Let Mi and M2 be closed and connected C°° oriented manifolds 
of dimensions m. Let there exist a round fold map /i : Mi -^ M" (n >2, m > 2n) 
such that the fiber of a point in a proper core of /i has a connected component 
C°° diffeomorphic to S*™^" and a round fold map /2 : M2 — > M" such that for the 
boundary C of the unbonded connected component ofW^ — lntf2{M2), the inclusion 
of f2^ (C) into M2 is null-homotopic. 

Then, for the connected sum M of Mi and M2, there exists a round fold map 
f -.M ^W. 

Proof. Let Pi be a proper core of /i and P2 be a small C°° closed tubular neigh- 
borhood of the connected component C of f2{S{f2)) (see also FIGURE 2). Let Vi 
be a connected component of /i^^(Pi) such that f\y^:Vi^Pi gives the structure 
of a trivial C°° S'"-"-bundle over D" and V2 := f2^^iP2)- V2 is a C°° closed 
tubular neighborhood of /2^ (C) C M2 and V2 has the structure of a trivial linear 
_D™~"+^-bundle since m> 2n — 2{n — 1) + 2 is assumed and the inclusion /2^^(C) 
into M2 is assumed to be null-homotopic. More precisely, f2\gy gives the structure 
of a subbundle of the bundle. 

Since m > 2n ~ 2(n — 1) + 2 is assumed, we have the following for a C°° dif- 
feomorphism $ : dV2 — > dVi regarded as a bundle isomorphism between the two 
trivial C°° S'™^"+^-bundles over S^~^ inducing a C°° diffcomorphism between the 
base spaces and a C°° diffcomorphism ^ : dD"^ — > dD"^ extending to a C°° dif- 
feomorphism on D™ (from M2 - Int(M2 - IntD™) onto Mi - Int(Mi - iTiiD"")) 
where for two C°° manifolds Xi and X2, Xi = X2 means that Xi and X2 are C°° 
diffeomorphic. 

(Ml - Intyi)|J^(M2 - lntV2) 
= {Ml - lnWi)[j^{{D"' - lnW2) [j{M2 - Inti?")) 
= (Ml - IntFi)|J ((5™ - (IntT/2 U IntD'"))|J (M2 - IntD")) 
= (Ml - IntL>'")|J (M2 - IntD™) 

This means that the resulting manifold M is the connected sum of Mi and M2 
and that M admits a round fold map f : M —^ K". More precisely, / is obtained 
by glueing two maps /i | ^^^ _ j^^^^ and /a | ^^^ _i^^y^ . D 

Example 4. Let Mi and M2 be closed and connected C°° oriented manifolds of 
dimensions m. 

Let there exist a round fold map /i : Mi —^ R" {n > 2, m > 2n) such that the fiber 
of a point in a proper core of /i has a connected component C°° diffeomorphic to 

cm— n 
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Figure 2 . Pi , P2 , C C M" (Pi is the bounded region bounded by 
the dotted line in the left figure and P2 is the region bounded by 
the disjoint union of the dotted lines in the right figure.) 



If 7r„_i(M2) = {0}, then /i and /2 satisfy the assumption of Proposition 8. 

If /2(Af2) is C°° diffeomorphic to D", n > 3 and /2 satisfies the assumption of 

Proposition 5, then /i and /2 satisfy the assumption of Proposition 8. 

As a result, we have the following theorem. 

Theorem 6. Let Mi and M2 he closed and connected C°° oriented manifolds of 
dimensions m. Let there exist a round fold map /i : Mi — > R" (n > 2, m > 2n) 
such that the fiber of a point in a proper core Pi of /i has a connected component 
C°° diffeomorphic to S""^". 

(1) Let there exist a round fold map /2 : M2 ^ K" such that /2(M2) is C°° dif- 
feomorphic D". For an axis L 0//2, let TTn-2{f2^ (L)) ^ T^n-i{f2^ (L)) = 
{0}. We also assume that for any point p in a proper core P2 of /2 and 
any connected component Fp of the fiber /2~ (p), 7r„_i(Pp) = {0}. Then, 
for the connected sum M of Mi and M2, there exists a round fold map 
f : M -^W. 

(2) Let there exist a round fold map /2 : M2 — > K" such that f2{M2) is C°° 
diffeomorphic D". For any point p in a proper core P2 of /2 and any 
connected component Fp of /2^ {p), let 7r„_i(Pp) ^ {0}. For any con- 
nected component C of f2{S{f2)), let there exist a small C°° closed reg- 
ular neighborhood N{C) such that dN{C) consists of two connected com- 
ponents Ci and C2 and let f2~ {N{C)) have the structure of a C°° bun- 
dle over Ci (C2) such that for any connected component Fq of its fiber, 
i^n-2{Fc) = 7r„_i(Pc) = {0} holds and that f2\f^-i^Ci) ■ .fa^^CCi) -> Ci 
[resp. /2L -ii(j \ ■ /2^ (^"2) -^ C2) gives the structure of a subbundle of 
the bundle f2~ {N{C)). We also assume that all the connected components 
of the subbundles admit sections. Then, for the connected sum M of Mi 
and M2, there exists a round fold map f : M ^ M". 

(3) Let there exist a round fold map /2 : M2 — > M" such that f2{M2) is C°° 
diffeomorphic D". Let /2 have a family of S -identifications. Assume that 
for any integer k satisfying m — n — k — 1 <n — 1 there do not exist k S-loci 
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in Wf^ . Let us use the notations s as in Proposition 6 and the natural pro- 
jection ■np as in subsection 3.1 for /2 and P2 he a proper core 0//2. We also 
assume that up o /2 o •sL-i(/2-i(„p-i(aP2))) • ^^H/a {T^P^^{dP2))) -^ dP2 
gives the structure of a topologically trivial bundle. Then, for the connected 
sum M of Ml and M2, there exists a round fold map f : M ^ M". 

Proof We prove the first part. We consider the homotopy exact sequence 7r„_i(/2^^ (£))(= 
{0})'^ ^„_i(/2-^(M« - IntPa)) ^ TTn-i{dP2) ^ 7r„_2(/2"'(i))(= {0}) and this 
means that 7r„_i(/2~^(K" — IntP2)) — '^n-iidP2) — ^ and that the isomorphism is 
given by the natural projection. This means that the embedding f2^^{df2{^2)) C 
M2 and a section of the trivial bundle /2L -i(gp ) '■ f2^ (9P2) -^ dP2 are homo- 
topic. Since for any point p in a proper core P2 and any connected component 
Fp of the fiber of p, 7r„_i(i^p) = {0} (note also that /2(Af) is assumed to be C°° 
diffeomorphic to -D"), the embeddings are null-homotopic in M2. This completes 
the first part of the proof by Proposition 8. 

We prove the second part. For any connected component C of f2{S{j2)) and for any 
connected component Ec of the bundle f2^^{N{C)), TTn-i{Ec) — T^n-iiCi) = 7L 
holds for i = 1,2 and the isomorphism is given by the natural projection. This 
means that all the connected components of the bundles /2L -\i(j \ : /2~ (C'l) — > 
C\ and /2|f -ICC ) : ./2^ ((^2) — > C2 admit sections by the assumption and that 
any pair of the sections in a same connected component of the bundle /2^ {N{C)) 
are homotopic. Since M is connected, the sections are homotopic to sections of 
the trivial C°° bundle over the boundary of the proper core P2 of /2 given by 
/2I t -^{Qp \ '■ J^T {dP2) -^ dP2. Since for any connected component Fp of the fiber 
of p in the proper core P2, 7r„_i (Fp) = {0} (note also that f2{M) is assumed to be 
C°° diffeomorphic to -D"), the sections are null-homotopic in M2. It follows that 
the inclusion of f2~^{df2{M2)) into M2 is also null-homotopic. This completes the 
second part of the proof by Proposition 8. 

We prove the last part. Let us use the notations V and r as in Proposition 3 for 
/2. Since by the assumption that for any integer k satisfying m — n — k— 1 <n— 1 
there do not exist k S-loci in Wf^ , m—dmiV — \ > n— 1 holds, by Corollary 1, r|jy^ : 

7r„_i(M2) -^ TTn-iiV) gives an isomorphism, ttp 0/2 ° sl^-^f^-if^^^-^gp^-^^-^ ■ s~H/2 i'^p^^idP2))) 
dP2 gives the structure of a topologically trivial bundle by the assumption. It fol- 
lows that the inclusion of s^^(/2 (9/2(M))) (note that it is homeomorphic to 
5"^^) into V is null-homotopic since f2{M) is assumed to be C°° diffeomorphic to 
Z?" and as a result the inclusion of /2~^ (9/2(^2)) into M2 is null-homotopic. This 
completes the last part of the proof by Proposition 8. 
This completes the proof. D 

Example 5. Let Mi and M2 be closed and connected C°° oriented manifolds of 
dimensions m. Let there exist a round fold map /i : Mi — > R" (n > 2, m > 2n) 
such that the fiber of a point in a proper core of /i has a connected component C°° 
diffeomorphic to 5'™^". Suppose that M2 admits a round fold map /2 : M2 — > M" 
and that /2(M2) is C°° diffeomorphic D". 

(1) If /2 is C°° trivial and all the regular fibers of /2 are closed and (n — 1)- 
connected manifolds, then /i and /2 satisfy the assumption of 1 of Theorem 
6. 
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(2) If /2 is a round fold map satisfying the assumption of Theorem 2 of [11] or 
Proposition 6 of this paper and m — n — fc — l>n — lin the propositions, 
then /i and /2 satisfy the assumption of 3 of Theorem 6. 

We have the foUowing theorem where source manifolds are 5-dimensional. 

Theorem 7. Let M he a closed and connected C°° oriented manifold of dimension 

5. 

M admits a round fold map f : M ^^M.^ satisfying the assumption of Proposition 5 

and li — in the proposition if and only if M is C°° diffeomorphic to a connected 

sum of a finite number of C°° oriented S^ -bundles over S'^ . 

For the proof of Theorem 7, we need the following proposition. 

Proposition 9 (Bardcn, [1]). Let M be a closed and simply- connected C°° oriented 
manifold of dimension 5. Then H2{M;Z,) is torsion-free if and only if M is a 
connected sum of a finite number of C°° oriented S^ -bundles over S'^ . 

Proof of Theorem 7. By 1 of Theorem 1 or Example 3 and by the proof of Propo- 
sition 8, a connected sum of a finite number of C°° oriented 5"^-bundles over S*^ 
admits a round fold map into R^ satisfying the assumption of Proposition 5 and 
Zi = in the proposition. 

For a round fold map / from a closed and simply-connected manifold M of di- 
mension 5 into M^ satisfying the assumption of Proposition 5 and li = in the 
proposition, the Reeb space Wf is simple homotopy equivalent to A[j^B where 
A is a disjoint union of finite copies of D", where B := 5"~^ x L, where L is 
a compact and connected graph with no loops, where ip : 5"^^ x A ^ dA is a 
PL homeomorphism and where A is a set consisting of a finite number of degree 
1 vertices of the graph L and as a result it is simple homotopy equivalent to a 
bouquet of finite copies of S^ (for this argument, see also the proof of Proposition 
5 or Theorem 3 of [10] and section 3 of [9]). 7ri(M) ^ MWf) ^ Hi(Wf) = {0} 
holds and tt2{M) = 7r2(W/) = H2{Wf) is torsion- free. 

Hence a closed and simply-connected manifold M of dimension 5 such that H2{M, Z) 
is not torsion-free does not admit a round fold map into M^ satisfying the assump- 
tion of Proposition 5 and h = in the proposition. 

By Proposition 9, H2{M,'Z) is not torsion- free if M is not a connected sum of a 
finite number of C°° oriented S'^-bundles over 5^ . This completes the proof. D 

5.2. Decompositions of a manifold admitting a round fold map into a con- 
nected sum of two manifolds admitting round fold maps. Conversely, in this 
subsection, we decompose a manifold admitting a round fold map into a connected 
sum of two manifolds admitting round fold maps under additional conditions. For 
this subsection, see also [12] and compare the arguments with arguments in the 
paper on surgery operations on stable maps from closed and simply-connected C°° 
manifolds into the plane which do not change the diffeomorophism types of the 
source manifolds (R- operations). 

Proposition 10. Let M be a closed and connected C°° oriented manifold of di- 
mension m. Let f : M ^f R" be a round fold map (n > 2, m > 2n). 
Let C be a C°° submanifold ofM" — f{S{f)). Suppose that C is C°° diffeomorphic 
to S'^~^ and that C is a deformation retract of the closure of a connected compo- 
nent ofM." — f{S{f)) C°° diffeomorphic to S"^^ x (0, 1) or is in a proper core of f. 
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For a small C°° closed tubular neighborhood N{C), we denote the bounded domain 
of M." — IntA'^(C) by R and let there exist a connected component M of f^^{R) 
satisfying the follwoings. 

(1) f\g]^ : dM — )■ C gives the structure of a trivial C°° bundle over C and the 
fiber is a standard sphere. 

(2) // we glue M and V := S"^^ x ]j"i-n+i ^^ ^^g boundaries by a bundle 
isomorphism $ between the two trivial C°° bundles dM and V := S*""^ x 
Qjjm-n+i Q^gj. ^/jg standard spheres of dimensions n — 1 inducing a C°° 
diffeomorphism between the base spaces, then the natural inclusion S"^^ x 
{p} CV = S""-! X D™-"+i c M[jg,V IS null-homotopic. 

Then M is C°° dijfeomorphic to the connected sum of two connected C°° manifolds 
Ml and M2 := MlJ*^; ^^ admits a round fold map f, : Mi ^ K" {i = 1,2) and 
the fallowings hold. 

(1) MiD M ~ M and Mi - (M - M) is C°° diffeomorphic to £>" x S"""". 

(2) 5(/i) - S{f) n(M - M) and /|M_i„tM = /lU-mtM- 

(3) For the connected component C" of df2{M2) bounding the unbounded con- 
nected component o/K" - Int/2(M2), 5'(/2)n(^2 ~ M) ^ /2~HC") holds 
and f2\M ^ /Im ^°^'^^- 

Proof. Let Mi be a closed C°° manifold given by glueing M — IntM and V' := 
D" X S""-" by some C°° diffeomorphism $' : 5D" x S"""" -^ dM regarded as 
a bundle isomorphism between the two trivial C°° S""~"-bundles inducing a C°° 
diffeomorphism between the base spaces. 

Since m > 2n = 2(n— l) + 2is assumed and the natural inclusion 5""^ x {p} C V = 
S'"~^ X T^^-^+i (2 M[J^V is assumed to be null-homotopic, we may assume that 
the following holds for a C°° diffeomorphism ^ : dD"^ -^ dD"^ extending to a C°° 
diffeomorphism on D" (from M2 - Int(M2 - IntD™) onto Mi - Int(Mi - IntD™)) 
where for two C°° manifolds Xi and X2, Xi = X2 means that Xi and X2 are C°° 
diffeomorphic. 

M|J(M - IntM) 
^ (Ml -- Inty' )IJ(^^2 - IntV) 
= (Ml - Inty')U((^" " I^tV^) U(^^2 - IntLi™)) 
^ (Ml - Inty' )U(('^" " (^^*^ LJ Inti:'"))|J (M2 - IntZ)")) 
^ (Ml - IntD")|J (M2 - IntD") 

This means that M is C°° diffeomorphic to the connected sum of Mi and M2 
and that Mi and M2 admit round fold maps satisfying the mentioned conditions. 
This completes the proof. D 

As results, we have the following theorem. 

Theorem 8. Let M be a closed and connected C°° oriented manifold of dimension 
m. Let f : M ^ M" be a round fold map (n > 2, m > 2n). 

Let C be a C°° submanifold ofW^ — f{S{f)). Suppose that C is C°° diffeomorphic to 
S"'^^ and that C is a deformation retract of the closure of a connected component 
of M." — f{S{f)) C°° diffeomorphic to S""^^ x (0,1) or is in a proper core of f. 



20 NAOKI KITAZAWA 

For a small C°° closed tubular neighborhood N{C), we denote the bounded domain 
of M." — IntA'^(C) by R and let there exist a connected component M of f^^{R) 
satisfying the follwoings. 

(1) flgji^ : dM — )■ C gives the structure of a trivial C°° bundle over C and the 
fiber is a standard sphere. 

(2) // we glue M and S"~^ x £)™-"+i on the boundaries by a bundle isomor- 
phism $ between the two trivial C°° bundles dM and 5""^ x Q]j"i-n+i g^^j. 
the standard spheres of dimensions n — 1 inducing a C°° diffeomorphism 
between the base spaces, then the resulting manifold M2 '■— M[J^{S"^^ x 
£)m-n+i-j admits a round fold map /2 : M2 — > K" such that the followings 
hold. 

(a) /2(M2) is C°° diffeomorphic to D" . 

(b) S{f2)niM2~ M) ^ f2-\df2(M2)). 

We also assume that one or two or three of the followings hold. 

(a) For an axis L 0//2, 7r„_2(/2"\i)) ^ 7r„_i(/2"^(-L)) = {0} and for 
any connected component F of the fiber of a point in a proper core, 
Trn^i{F)^{0}. 

(b) (i) For any point p in a proper core of /2 and any connected com- 

ponent Fp of f2~^{p), TTn-l{Fp) = {0}. 

(ii) For any connected component C of f2{S{f2)), there exists a 
small C°° closed tubular neighborhood N{C') of C" such that 
dN{C') consists of two connected components Ci and C'2 and 
/2^ {N{C')) has the structure of a C°° bundle over Ci (C2) such 
that for any connected component Fc of its fiber, TTn-2{Fc') — 
7r„_i(F(7') = {0} holds and that .f2\f,^-i(^Ci) • /a "^(Ci) ^ Ci 
{resp. /2L -i(-(^ N : /2^ (C'2) ^ C'2) gives the structure of a 

subbundle of the bundle /2~ {N{C')). Furthermore, all the con- 
nected components of the subbundles admit sections. 

(c) (i) /2 has a family of S-identiflcations. 

(ii) Let us use the notations s as in Proposition 6 and the natu- 
ral projection irp as in subsection 3. 1 for /2 and P be a proper 
core 0//2. We also assume that ttp o /j o s\^-i^f^-i^.j^^-i^Qp^.^y^ : 

s^^(/2 (7rp^^(9P2))) ^ dP2 gives the structure of a topolog- 
ically trivial bundle. Furthermore, for any integer k satisfying 
TO — n — fc— 1 < n — 1, there do not exist k S-loci in the Reeb 
space Wf^ 0//2. 
Then M is C'°° diffeomorphic to the connected .sum of two connected C°° mani- 
folds Ml and M2 and the followings holds. 

(1) MiD M -M and Mi - (M - M) is C°° diffeomorphic to L>" x S"""". 

(2) Ml admits a round fold map fi : Mi ^ M" such that S{fi) = S{f) f]{M - 
M) and /|M-i„tM = /lUf-intM hold. 

Proof. By the proof of Theorem 6, we can apply Proposition 10 to prove Theorem 
8. In fact, each of the last three conditions of 2 of this theorem corresponds to each 
of the three statements of Theorem 6 and we can decompose the given manifold 
admitting a round fold map into two manifolds admitting round fold maps as in 
the proof of Proposition 10. 
This completes the proof. D 
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5.3. Applications. In this subsection, by applying the previous results and their 
proofs, we determine the diffeomorphisni types of manifolds admitting round fold 
maps under appropriate conditions. 

Theorem 9. Let M he a closed and connected C°° oriented manifold of dimension 
m. Suppose that there exists a round fold map f : AI ^ M" {n>2). Suppose that 
m > 2n. 

Assume that for any connected component R ofW^—hitN(f(S{f))) where N ({S {/))) 
is a small C°° closed tubular neighborhood of f{S{f)), /L-if^^N : f^^{R) — > R gives 
the structure of a trivial C°° bundle whose fiber is a disjoint union of standard 
spheres. We also assume that the number of connected components of the fiber of 
a point in a proper core of f equals the number of connected components of S{f). 
Then M is a connected sum of closed and connected C°° oriented manifolds admit- 
ting round fold maps with singular sets consisting of 2 connected components and 
with fibers of points in proper cores consisting of disjoint unions of two standard 
spheres. 

Conversely, such a manifold admits a round fold map into R" satisfying the as- 
sumption. 

Proof By the last statement of Proposition 2, / satisfies the assumption of Proposi- 
tion 5 and Zi = in the proposition by the assumption that the number of connected 
components of the fiber of a point in a proper core of / equals the number of con- 
nected components of S{f). It also follows that / is topologically quasi-trivial. 
Furthermore, the Reeb space Wf is represented as A[J^B where A is a disjoint 
union of finite copies of D", where B := S"^^ x L, where L is a compact and 
connected graph with no loops, where tp : S"^^ x A ^' dA is a PL homeomorphism 
and where A is a set consisting of a finite number of degree 1 vertices of the graph L 
and as a result it is a bouquet of finite copies of S" (see also the proof of Theorem 
7 of this paper). By the proof of Proposition 10 or Theorem 8 and by topological 
properties of the Reeb space Wf, if the singular set of / consists of more than 
2 connected components, then we obtain 2 or more round fold maps so that the 
number of the singular set of each map is smaller than that of the original map 
/, that each map satisfies the assumption in this theorem and that the connected 
sum of the resulting oriented source manifolds is M. It also follows that M is a 
connected sum of closed and connected C°° oriented manifolds admitting round 
fold maps with singular sets consisting of 2 connected components and with fibers 
of points in proper cores consisting of disjoint unions of two standard spheres. 
Conversely, if M is a connected sum of closed and connected C°° oriented manifolds 
admitting round fold maps with singular sets consisting of 2 connected components 
and with fibers of points in proper cores consisting of disjoint unions of two standard 
spheres, then there exists a round fold map f : M ^ M" satisfying the assumption 
by the proof of Proposition 8 or 1 of Theorem 6. D 

Let Qki be the h-cobordism group of C°° oriented homotopy spheres of di- 
mensions fci > 2. It follows easily that the set of all the classes of Qki consist- 
ing of spheres admitting round fold maps with connected singular sets into M*^^ 
{ki > /c2 > 2) is a subgroup of O^^ . In fact we only consider the connected sum 
of given two round fold maps with connected singular sets (for the connected sum 
of given two special generic maps into Euclidean spaces, see section 5 of [16] for 
example) . 
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Definition 11. We denote the subgroup by Q(ki,k2) ^ Qfci and call it the (fci,fc2) 
round special generic group. 

We have the following theorem. 

Theorem 10. Let M be a closed and connected C°° oriented manifold of dimension 
m. Let n G N, n > 2 and m > 2n. Then the followings are equivalent. 

(1) A round fold map f : M -^ R" satisfying the followings exists. 

(a) S{f) consists of 2 connected components. 

(b) For the connected component C ^ fiFo{f)) of fiS{f)) and a small 
C°° closed tubular neighborhood N{C) of C such that dN{C) is the 
disjoint union of two connected components C\ and C2, f^^{N{C)) 
has the .structure of a trivial C°° bundle over Ci (C2) with fibers PL 
homeomorphic to 5""-"+! - Int(i:)™-"+i U Ll'"-"+i u 1)™-"+!) and 
J'^f-HCi) ■ /^HCi) -^ Ci {resp. f\f-i(C2) ■ /"^(Ca) ^ C2) gives the 
structure of a subbundle of the bundle f^^{N{C)). 

(2) M is a connected sum of an oriented manifold in a class ofOi„in\ and a C°° 
oriented bundle over S*" with fibers C°° diffeomorphic to an almost- sphere. 

Proof. Assume that a round fold map f : M ^ R" satisfying the condition 1 
exists. Note that / satisfies the assumption of Proposition 5. By the proof of 
Proposition 10 or Theorem 8, we can represent M as a connected sum of two closed 
and connected C°° manifolds Mi and M2 and the followings hold. 

(1) Ml admits a round fold map /i : Mi —> R" such that S{fi) is connected. 

(2) M2 admits a C°° trivial round fold map /2 : M2 ^- R" such that S{f2) 
consists of two connected components and that the fiber of a point in a 
proper core of /2 is C°° diffeomorphic to a disjoint union of two copies of 
S""~". /2 satisfies the assumption of Proposition 5. 

Then M is a connected sum of an oriented manifold in a class of Q(^m,n) and a C°° 

oriented bundle over 5" with fibers C°° diffeomorphic to an almost-sphere by 2 of 

Theorem 1. 

Conversely, if M is such a manifold, then by 1 of Theorem 1 or Example 3 and 

by the proof of Proposition 8 or 1 of Theorem 6, M admits a round fold map 

/ : M — > R" satisfying the condition 1. 

This completes the proof. D 

Now we have the following theorem. 

Theorem 11. Let M be a closed and connected C°^ oriented manifold of dimension 
m. Let n G N, n > 2 and m > 2n. Then the followings are equivalent. 
(1) A round fold map f : M -^ R" satisfying the followings exist. 

(a) Regular fibers of f are disjoint unions of standard spheres and the 
number of connected components of the fiber of a point in a proper 
core of f equals the number of connected components of S{f). 

(b) For any connected component C of f{Fi(f)) and a small C°° closed 
tubular neighborhood N{C) of C such that dN{C) is the disjoint union 
of two connected components Ci and C2, f~^{N{C)) has the structure 
of a trivial C°° bundle over Ci (C2) and f\f-i(c ) '■ f~^i^i) ^ ^1 
(resp. f\f-i/(j ) '■ /^^(C'2) — > C2) gives the structure of a subbundle of 
the bundle f-\N{C)). 
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(2) M is a connected sum, of a finite number of C°° oriented S"^^"" -bundles 
over S"' and an oriented manifold in a class ofO(^jn,n)- 

Proof. Assume that a round fold map f : M ^ K" satisfying the condition 1 exists. 
By the proof of Theorem 9 and by Theorem 10, M is a connected sum of a finite 
number of C°° closed manifolds admitting round fold maps with singular sets con- 
sisting of 2 connected components and each manifold is a connected sum of a C°° 
oriented S""^"-bundle over S"' and an oriented manifold in a class of 6(m.n)- 
Conversely, by 1 of Theorem 1 or Example 3, each C°° oriented S'™""-bundle 
over S'" admits a C°° trivial round fold map with the singular set consisting of 
2 connected components and the fiber of a point in its proper core is a disjoint 
union of two standard spheres. By the proof of Proposition 8 or 1 of Theorem 6, 
a connected sum of a finite number of C°° oriented 5'™^"-bundles over 5*" and 
an oriented manifold in a class of O^m.n) admits a round fold map f : M ^^ K." 
satisfying the condition 1. 
This completes the proof. D 
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